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Where does the `S’-shape come from?
-Microscopically

(Landau theory is phenomenological.)

VG

Cox

Cs

ψs

Source

Drain

Gate

S D

Oxide

Semiconductor
Channel

VG

VD

ID
𝑉 = 𝛼!𝑄 + 𝛼!!𝑄" +
𝛼!!!𝑄# +⋯

Negative Capacitance FET Landau Theory (The ‘S’-Curve)

Voltage

Ch
ar

ge Negative 
Capacitance



VG

Cox

Cs

ψs

Source

Drain

Gate

S D

Oxide

Semiconductor
Channel

VG

VD

ID
𝑉 = 𝛼!𝑄 + 𝛼!!𝑄" +
𝛼!!!𝑄# +⋯

Negative Capacitance FET Landau Theory (The ‘S’-Curve)

Voltage

Ch
ar

ge Negative 
Capacitance

Microscopic Origin
Where does the `S’-
shape come from?

-dipole-dipole 
interaction

(atomic scale positive feedback)
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Perovskite Ferroelectric 
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6- )

Pb Ti

Ferroelectric Oxides

Fluorite-type Ferroelectric 
HfO2 (Hf4+O2

4- )
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A	ferroelectric	is	an	insulator	with	a	spontaneous	
polarization,	which	can	be	switched	by	an	above	

coercive	voltage	.	

Pb2+ Ti4+ O2- Hf4+ O2-
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C=dQ/dV<0
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𝑉 = 𝛼!𝑄 + 𝛼!!𝑄" + 𝛼!!!𝑄# +⋯

𝛼! = 𝑎$ 𝑇 − 𝑇% <0 below 𝑇%
T = temperature 
𝑇% =Curie temperature 
𝑎$ =positive constant
𝛼!!=positive (2nd order) or negative (1st order)
𝛼!!!=positive

Landau	theory:	In	certain	Q and	V
range,	C=dQ/dV is	begative



History of Landau theory of ferroelectrics
1937: Lev Landau first proposes the framework for phase transition

L. D. Landau, Phys. Z. Sowjun, vol. 11, pp. 545, 1937.; “On the theory of phase 
transitions. II,” Zh. Eksp. Teor. Fiz. Vol. 7, pp. 627, 1937

Late 1940s: Ginzburg and Devonshire applies Landau theory to 
ferroelectrics after discovery of ferroelectricity in BaTiO3

V. L. Ginzburg, Zh. Eksp. Teor. Fiz., vol. 15, pp. 739, 1945; V. L. Ginsburg, J. 
Phys. USSR, vol. 10, pp.107, 1946.
A. F. Devonshire: Philos. Mag., vol. 40, pp. 1040, 1949.

Landau	framework	is	phenomenological mean-field	theory	based	
on	symmetry	to	analyze	phase	transitions.

-Connects microscopic models to macroscopic behavior

But	does	not	talk	about	underlying	microscopic	origin!



History of Landau theory of ferroelectrics
‘S’-shape	in	polarization-electric	field	curve	appeared	in	early	
papers	in	1950s	on	the	Landau	Theory	of	Ferroelectrics!

But	negative	capacitance	region	in	ferroelectric	was	not	explicitly	
discussed	except	for	asserting	that	this	region	is	

“thermodynamically	unstable.”
R. Landauer

J. Appl. Phys, 1957.
Janovec

Czech. fiz. zurnal, 1959.
Merz 

Physical Review, 1953.



Toy model of Negative Capacitance (‘S’-curve)
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-Simple, physical explanation of
underlying microscopic mechanisms of 
ferroelectric negative
-Electrostatic dipole-dipole interactions
-Atomic scale positive feedback mechanism

Microscopic Toy model
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𝑝
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0.383
𝑎0 = 𝜁𝑝

Atomic scale feedback
1. Dipole moment depends on local electric field.
2. Local electric field depends on dipole moment. 

𝐸+,-.+ = 𝐸123,+4 + 𝐸

a Structural 
Factor

Toy model of Negative Capacitance (‘S’-curve)



Atomic scale 
feedback

1. Dipole moment 
depends on local 
electric field.

2. Local electric field 
depends on 
dipole moment. 

Toy model of Negative Capacitance (‘S’-curve)



Dipole moment 
𝑝 = 𝛼𝜖*𝐸+,-.+

Dipole field
𝐸123,+4 = 𝜁𝑝

Local field
𝐸+,-.+ = 𝐸123,+4 + 𝐸

𝑝 = 𝛼𝜖* 𝜁𝑝 + 𝐸Dipole moment: 𝑝 = 56!
7856!9

E
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Curie-Weiss Law
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If 𝛼𝜖*𝜁 > 1 (if the material 
is highly polarizable), 

𝑑𝑝
𝑑𝐸 < 0

Dipole moment: 𝑝 = 56!
7856!9
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Toy model of Negative Capacitance (‘S’-curve)

Polarization Catastrophe 
The negative dielectric negative capacitance that sets off 

the polarization catastrophe and leads to the emergence of 
the spontaneous polarization in ferroelectric material. 



T<Tc: : Negative 
Capacitance and 
Initiation of the 

Polarization 
Catastrophe
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Vacuum Permittivity

Toy model of Negative Capacitance (‘S’-curve)
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𝑝 = 𝛼𝜖*𝐸+,-.+
Dipole 
Moment

Polarizability

Because dipoles are not 
infinitely polarizable. 

p

Elocal
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Dipole moment: 𝑝 = 𝑝=.> tanh
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Maximum moment: 𝑝=.> = 𝛼𝜖*𝐸-/
Critical field: 𝐸-/
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Dipole 
Moment

Dipole moment: 𝑝 = 𝑝=.> tanh
?"#$%"
?$&

Maximum moment: 𝑝=.> = 𝛼𝜖*𝐸-/
p
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Ecr

Constant

α =
1

𝛾𝜖*𝑇
𝜁 = 𝛾𝑇:

Temperature Curie
Temperature

Structural Factor
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Dipole 
Moment

Dipole moment: 𝑝 = 𝑝=.> tanh
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Maximum moment: 𝑝=.> = 𝛼𝜖*𝐸-/
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Toy model of Negative Capacitance (‘S’-curve)

𝐸+,-.+ = 𝐸123,+4 + 𝐸

Dipole field
𝐸123,+4 = 𝜁𝑝
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α =
1

𝛾𝜖*𝑇
𝜁 = 𝛾𝑇:Maximum moment: 𝑝=.> = 𝛼𝜖*𝐸-/

Critical field: 𝐸-/ Temperature Curie
Temperature

T >TcT <TcT <<Tc
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How to get to the Landau expression?
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1

𝛾𝜖*𝑇

𝜁 = 𝛾𝑇:



Similar treatment: Clausius-Mossotti Equation
The Clausius Mossoti Picture

03e
PEE appliedlocal +=

cavityLorentzappliedlocal EEEE ++=

0,3 0

0 == cavityLorentz EPE e

localENP a=

Elocal=Local electric field, Eapplied=Applied electric field,
ELorentz=Lorentz cavity Field, Ecavity=E-field due to 
dipoles in the cavity, α = Electronic polarizability, N = 
Dipole density

13 0
>e

aN

Clausius-Mossotti Equation 
%$'&
%$,-

= .$
*%!

if

𝜒 = 𝜀/ − 1 =
i𝑁𝛼 𝜀*

1 − i𝑁𝛼 𝜀*
< 0

Clausius-Mossotti equation is often 
used to describe polar dielectrics. 
[Kittel: Introduction to Solid State 
Physics]



Similar treatment was done in 1950s. 

Similar treatments of Ferroelectric



More details
Khan, Asif Islam. "On the microscopic origin of negative 
capacitance in ferroelectric materials: A toy model." 2018 IEEE 
International Electron Devices Meeting (IEDM). IEEE, 2018.

Hoffmann, Michael, Prasanna Venkatesan Ravindran, and Asif 
Islam Khan. "Why Do Ferroelectrics Exhibit Negative 
Capacitance?." Materials 12.22 (2019): 3743.



Is a negative capacitance is a 
real, physical phenomenon 

or 
an unphysical, artificial construct of the 
phenomenology of the Landau Theory?



Negative capacitance is a real….
physical phenomenon! 

Arises from simple dipole-dipole interactions 
and positive feedback mechanisms!

Without negative capacitance (i.e., 
static negative dielectric permittivity), 

ferroelectrics do not exist!



Experimentally Measured ‘S’-curve
Hoffmann et al. Nature 2018
Hoffmann et al. IEDM 2018 p. 31.6

Yadav et al. Nature 2019.



Microscopic Origin of Negative Capacitance in 
Ferroelectrics
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